The trajectories of stars of a cluster moving in the SchusterPlummer potential on a circular orbit in the Galactic plane (Bok's problem) are investigated. The impact of initial conditions on stellar motions, in particular on the possibility of escape of a star from the cluster, is analyzed, and numerous computations of stellar orbits are performed for various initial values of energy and momentum with respect to the cluster. Stars escaping from the cluster are shown to move mostly in spiral orbits and form well-defined spiral tails.
INTRODUCTION
To introduce the problem, let us consider a star cluster moving on a circular orbit in the regular gravitational field of the Galaxy. We assume that the Galaxy is stationary and that its potential is axisymmetrical and mirror symmetrical.
The size of the cluster is much smaller than that of its orbit, and we therefore compute the potential of the Galaxy Φ g (R, z) in the tidal approximation:
Here, R and z are the Galactocentric cylindrical coordinates, and R 0 is the radius of the cluster's orbit. The coefficients k 1 , k 2 , k 3 of the Taylor expansion can be more conveniently expressed in terms of other quantities: Ω 0 = (−k 1 /R 0 ) 1/2 , κ 2 R = Ω 2 + 2k 2 , and κ 2 z = −2k 3 . Here Ω 0 and κ z are the circular frequency at Galactocentric distance R 0 and the frequency of minor vertical fluctuations of a given star, respectively. The quantity κ R has no proper name, and here we, like Ossipkov (2003) , call it the tidal increment. If A and B are the local values of the Oort coefficients, then Ω 0 = A − B and κ
. At the solar Galactocentric distance these quantities are equal to κ R ≈ 42 km s −1 kpc −1 and κ z ≈ 85 km s −1 kpc −1 (Davydenko & Ossipkov 2004 ). We consider the motion of a given star in the combined gravitational field of the cluster and the Galaxy. We use the rotating Cartesian coordinate system x, y, z with the origin at the center of the cluster. The x axis points in the direction of the Galactic center and the y axis in the direction of the cluster's motion. The equations of motion of a star in this coordinate system have the following form:
Here Φ = Φ(x, y, x) is the potential of the cluster. Given the above assumptions, these equations can be transformed to the form
where r = (x, y, z), Bok (1934) appears to have been the first to consider the problem in this formulation. The well-known Hill's problem (Hill 1878) can be viewed as a special case of Bok's problem with both the Galaxy and the cluster treated as point masses.
MODIFIED EQUATIONS
Let us transform the above equations to the dimensionless form. We adopt
as the unit length, where G is the gravitational constant and M is the mass of the cluster. Physically, r 0 characterizes the critical value of Hill's surface (Davydenko & Ossipkov 2004) .
R as the time unit. It roughly corresponds to the time of the complete revolution of the cluster around the Galactic center.
The dimensionless coordinates and time are therefore equal to ξ = x/r 0 , η = y/r 0 , ζ = z/r 0 and τ = t/t 0 , respectively. The equations of motion then acquire the following form:
(1)
R is a new dimensionless variable, which characterizes the tidal effect of the Galaxy at Galactocentric distance R. The quantity γ is a measure of the relative influence of the Galaxy and the cluster on the given star. Large γ values correspond to the cases where the influence of the Galaxy on the motion of the star is weaker than that of the cluster, whereas small γ values correspond to the reverse situation. At the solar Galactocentric distance, γ ≈ 1.25. Here ϕ = ϕ(ξ, η, ζ) denotes the dimensionless potential of the cluster:
GENERATION OF INITIAL COORDINATES
We use Lindblad's envelope to generate a set of initial conditions. In the case of an isolated cluster the energy and momentum of a star are equal to
Consider the energy integral
It is obvious that at a fixed r
It follows from differentiating (3
Then we use equations (2) and (3) to finally obtain
We now choose a model potential subject to constraints (4) to obtain Lindblad's envelope (diagram) . In this paper we adopt the Schuster-Plummer potential for the cluster in the dimensionless form
where parameter a characterizes the structure of the cluster. Here we plot the area and energy integrals h and E along the x-and y-axis, respectively. In the case of an isolated cluster, the values of integrals corresponding to the Lindblad's envelope refer to the motion of a given star relative to the circular orbit. Negative and positive values of the area integral correspond to retrograde and regular orbits, respectively.
To investigate inner orbits, which are located inside the cluster, one should choose the values of the integrals of motion lying above the envelope. Thus, in the case of an isolated cluster, stellar orbits are of the rosette type.
A star with whatever combination of integrals of motion corresponding to an orbit bounded to the isolated cluster can escape the cluster as a result of the tidal effect. However, this can be investigated only numerically.
For a fixed (E, h) combination we construct a spherical grid of coordinates that satisfy equations (2) for the given r, V θ : we scan Lindblad's diagram along both axes with a step of 0.02. For the fixed pair (E, h) we then construct the radial grid with the origin at the cluster's center and with a step of 0.1 and π/10 in r and θ, respectively. We thus obtain the sets of x, y, V x , V y values that satisfy equations (2). Thus, the chosen initial conditions correspond to motions of stars "inside" the isolated cluster.
CALCULATIONS AND RESULTS
To examine the impact of the tidal field of the Galaxy, we numerically integrate equations (1) over the time interval τ = [0, 10], which is approximately 2.2 billion years long.
We consider a star to have escaped from the cluster if its clustercentric distance is r > 10 at the end of computations (τ = 10). Certainly, this escape criterion can be improved, however, we believe that the adopted condition is quite acceptable for our qualitative analysis. As is evident from Fig. 1 , a test star is more likely to escape from the cluster if its energy E ≈> −1.0. The same is true for potentials with other structural forms, i.e., with other values of a (Davydenko 2013) .
Figs. 2 and 3 show the results of numerical simulations for retrograde and regular orbits, respectively. For fixed (E, h), we compute a bundle of star trajectories and then combine them in a single graph. The stars that dissipate from the cluster form a spiral-shaped tail, whereas the remaining stars concentrate near the cluster center.
The number of stars escaping from the cluster increases with increasing energy integral. Conversely, stars with lower integral values remain inside the cluster. However, in both cases stars move in spiral orbits, see Figs. 4 and 5.
CONCLUSIONS
We show that, under the adopted assumptions, stars escaping from clusters move mostly in spiral orbits along the trajectory of the cluster. The results of our simulations are mostly unaffected by the choice of the initial conditions: stars moving in both retrograde and regular orbits escape from the cluster once they acquire the required energy. We believe that spiral tails that appear in our computations are a result of the tidal effect.
